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Abstract 

Let G be a second countable, locally compact group and let ip be a 
continuous Herz-Schur multiplier on G. Our main result gives the ex- 
istence of a (not necessarily uniformly bounded) strongly continuous 
representation ir of G on a Hilbert space Jif, together with vectors 
£, 77 £ J^, such that t/?(y 2;) = (7r(x)£, 7r(?/ _1 )*r?) for x,y <E G and 

suPxeG [k(a?)C[| • su P y eG IKO/ -1 )*^! = IMIm 0j 4(G)- Moreover, we ob- 
tain control over the growth of the representation in the sense that 
IKCflOH < exp(|d(g, e)) for g £ G, where e G G is the identity element, 
c is a constant and d is a metric on G. 

Introduction 

Let Y be a non-empty set. A function ip : Y x F — y C is called a Schur 
multiplier if for every operator A = (a Xj A a ,^ gy e B(£ 2 (F)) the matrix 
(i^(x,y)a X}y ) Xt y e Y again represents an operator from B(£ 2 (y)) (this opera- 
tor is denoted by M^A). If ip is a Schur multiplier it follows easily from the 
closed graph theorem that e B(B(£ 2 (F))), and one refers to ||M^|| as 
the Schur norm of ip and denotes it by \\ipWs- 

Let G be a locally compact group. In [Her74], Herz introduced a class of 
functions on G, which was later denoted the class of Herz-Schur multipliers 
on G. By the introduction to [BF84J, a continuous function ip : G — > C is a 
Herz-Schur multiplier if and only if the function 

(0.1) 0(x,y) = ip{y~ l x) (x,yeG) 
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is a Schur multiplier, and the Herz-Schur norm of p is given by 



\m\Hs = \m\s- 

In [DCH85J De Canniere and Haagerup introduced the Banach algebra 
MA(G) of Fourier multipliers of G, consisting of functions p : G — > C such 
that 

^eA(G) (iPeA(G)), 

where A(G) is the Fourier algebra of G as introduced by Eymard in [E ym64| 
(the Fourier-Stieltjes algebra B(G) of G is also introduced in this paper). 
The norm of <p (denoted ||^||ma(G)) is given by considering p> as an operator 
on A(G). According to |DCH85t Proposition 1.2] a Fourier multiplier of G 
can also be characterized as a continuous function <p : G — > C such that 

X(g) ft p{g)\{g) (g E G) 

extends to a a-weakly continuous operator (still denoted M v ) on the group 
von Neumann algebra (A : G — > B(L 2 (G)) is the left regular representation 
and the group von Neumann algebra is the closure of the span of X(G) in the 
weak operator topology). Moreover, one has || p \\ma(g) — ll-^H- The Banach 
algebra M$A(G) of completely bounded Fourier multipliers of G consists of 
the Fourier multipliers of G, p, for which is completely bounded. In this 
case t hey pu t ||v?||m a(G) = ||Mjcb- 

In |BF84j Bozejko and Fendler show that the completely bounded Fourier 
multipliers coincide isometrically with the continuous Herz-Schur multipli- 
ers. In |Jol92j Jolissaint gives a short and self-contained proof of the result 
from |BF84] in the form stated below. 

0.1 Proposition ([BF84J, |Jol92j ). Let G be a locally compact group and 
assume that p : G — > C and k > are given, then the following are equivalent: 

(i) p is a completely bounded Fourier multiplier of G with \\p\\m a(g) ^ k. 

(ii) p is a continuous Herz-Schur multiplier on G with \\p\\hs — k. 

(Hi) There exists a Hilbert space Jt? and two bounded, continuous maps 
P,Q : G — > J$? such that 

p(y- 1 x) = (P(x),Q(y)) (x,y E G) 

and 

\\p\U\Q\\oo < k, 

where 

\\P\\oo = sup ||-P(x)|| and \\Q\\oo = sup 

x&G y&G 



2 



By a representation (tt, Jff) of a locally compact group G on a Hilbert 
space M' we mean a homomorphism of G into the invertible elements of 
B(G). A representation (-rr, Jf?) of G is said to be uniformly bounded if 

sup \\n(g) || < oo 

geG 

and one usually writes ||7r|| for sup 9gG ||7r(g)||. If g 7r(g) is continuous with 
respect to the strong operator topology on B(G) then we say that (7r, is 
strongly continuous. Let (n, Jif) be a strongly continuous, uniformly bounded 
representation of G then, according to [DCH85, Theorem 2.2], any coefficient 
of (-it, J^) is a continuous Herz-Schur multiplier, i.e., 

g # (n(g)tv) (jgG) 

is a continuous Herz-Schur multiplier with 

iivIImoa(g) < iMHieuiMi 

for any £, 77 e (note that this result also follows as a corollary to Pro- 
position ETT]). U. Haagerup has shown that on the non-abelian free groups 
there are Herz-Schur multipliers which can not be realized as coefficients of 
uniformly bounded representations. The proof by Haagerup has remained un- 
published, but Pisier has later given a different proof, cf. [Pis05] . Haagerup's 
proof can be modified to prove the corresponding result for the connected, 
real rank one, simple Lie groups with finite center, cf. [Ste09|, Theorem 3.6]. 

Strictly speaking, the requirement that the above representations be uni- 
formly bounded is not fully needed in order to construct a continuous Herz- 
Schur multiplier. From Proposition 10.11 it follows that it is enough to require 
that 

(0.2) sup ||7r(x)£|| < 00 and sup ||7r(y _1 )*77|| < 00. 

x£G yeG 

In |BF91l Theorem 1.1] Bozejko and Fendler shows that, for countable dis- 
crete groups, all Herz-Schur multipliers can be realized as coefficients of 
representations satisfying a condition similar to (10. 2 j) . More specifically, they 
show that if ip is a Hermitian Herz-Schur multiplier on a countable discrete 
group T, then there exists a representation (71", Jf?) and vectors G 
such that 

ipiy^x) = (7r(ar)£, n(y)i]) (x, yeT), 

with 

1 1 
sup ||7r(x)£|| < IMIlfoArr) and sup \\Tr(y)r)\\ < |MlM oA(r) . 
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Furthermore, they give a quantitative bound on ||7r(p)|| for g G T and note 
that the same holds for non-Hermitian Herz-Schur multipliers by including a 
square root two factor in the bound for sup^gp ||7r(a;)£|| and sup^gp ||7r(y)r7||. 
In section [T] we present a generalization of the result by Bozejko and Fendler 
to second countable, locally compact groups (cf. Theorem 11.11 and Corol- 
lary 11.4)) . We also present the following theorem based on criterion (10. 2p 
(cf. Theorem 11.51) : 

0. 2 Theorem. Let G be a second countable, locally compact group and let d 
be a proper, left invariant metric on G which has at most exponential growth, 

1. e., 

K B n(e)) <a-e bn (n G N) 

for some constants a, b > 0, where fx is a left invariant Haar measure on G 
and B n (e) = {g G G : d(g,e) < n} is the open ball of radius n centered 
around the identity element e G G. Then for any continuous Herz-Schur 
multiplier tp on G there exists a strongly continuous representation (it, Jrf?) 
and vectors £, rj G Jif such that 

ipiy^x) = (ir(x)£, Triy^Yv) 0, !/eG) : 

with 

i i 
sup||7r(x)£|| = |MI!f oA(G) and sup IMsT 1 )*^! = \W\\l hA{G y 

Moreover, for every fixed c > b, (n, Jif) can be chosen such that 

\Hg)\\ <el- d ^ (geG). 

Note that the existence of a proper, left invariant metric with at most ex- 
ponential growth on a second countable, locally compact group is guarantied 
by [HP06] . 

1 Coefficients of non- uniformly bounded re- 
presentations 

Second countability guarantees the existence of a proper, left invariant met- 
ric, cf. |Str74| Theorem]. Actually, according to Haagerup and Przybyszew- 
ska (cf. [HP06J) one can choose this metric, d, to have at most exponential 
growth, i.e., 

(1.1) K B n(e)) < a ■ e bn (n G N) 
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for some constants a, b > 0, where (j, is a left invariant Haar measure on G 
and B n (e) = {g E G : d(g, e) < tt,} is the open ball of radius n centered 
around the identity element e G G. 

Inspired by the proof of |BF91|. Theorem 1.1], we state and prove Theo- 
rem [TTT] for Hermitian Herz-Schur multipliers, i.e., Herz-Schur multipliers tp 
for which ip* = ip, where 

The general (not necessarily Hermitian) case is treated in Corollary 11.41 and 
Theorem 11.51 

1.1 Theorem. If (p is a continuous Hermitian Herz-Schur multiplier on a 
second countable, locally compact group G, and d is a proper, left invari- 
ant metric on G satisfying f ll.il) for some a, b > (which exists according 
to IHP06{/ ). then there exists a strongly continuous representation (ir, Jf?) and 
vectors £, rj e J$? such that 

ip(y~ 1 x) = (ir(x)£, ir(y)v) (?, V e G), 

with 

l l 
sup ||7r(x)C|| = |b||M oA(G) and sup \\ir(y)ri\\ = \\y\\ 2 MoA{G y 

xeG y€G 

Moreover, for every fixed c > b, (tt, J$?) can be chosen such that 

||7rG/)|| < el- dM (geG). 

Before we proceed with the proof of Theorem 11.11 we need the following 
application of the above mentioned result from [HP06J, which was commu- 
nicated to us by Haagerup. 

1.2 Lemma. If G is a second countable, locally compact group, then there 
exists a positive function h 6 L l {G) with \\h\\i = 1, and a positive function c 
on G such that 

f(z)h(z)M*) < I f(z)h(gz)dn(z) < c(g) [ f(z)h(z)d/i(z) 



c(g) Jg Jg Jg 

for g G G and any positive f G L°°(G) ; where \i is the Haar measure on G. 
Moreover, we may use 

for c> b when d is a proper, left invariant metric on G satisfying (11. lj) . 
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Proof. Let /i be a left invariant Haar measure on G and let d be a proper, 
left invariant metric on G satisfying (II. II) . We claim that 

< f e- cd(9 ' e) dfi(g) < oo. 

J G 

Put Ei = Bi(e) and define inductively 

E n = B n {e)\B n _ 1 {e) (n>2). 
Then G = Un=i E n and 

e~ cn < e ~ c - d(9 ' e) < e - c{n - 1] (g G E n ). 



Hence, 



r. OO r. 

\ e'^d^g) = £ / e^^d/ifo) 



n=l ^ 

oo 

n=l 

oo 

< e c X)e- m M5n(e)) 

n=l 

oo 

< ae c e(b ~ c)n 

n=l 

< OO 

because c > b. 

By the reverse triangle inequality we see that 

|d(2r^- 1 )-d(z ) e)|<d(e, 5 - 1 ) (j^eG). 

Using left invariance of the metric one finds that 

\d(gz,e)-d(z,e)\<d(g,e) (g,zeG). 

This implies 

J_ e -c-d(z,e) < e -*d( fl z,e) < c / )g-c-d( Z ,e) / Z G (7), 

c(<7) 

which is easily seen to complete the proof. □ 
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1.3 Lemma. Assume that M' is a Hilbert space and that R : G — > Jtf is 
bounded and continuous. Let R' : G — > L 2 (G , Jif , /i) be given by 



R'(x)(z) = y f h(z)R(z- 1 x) (z G G) 

for x G G, then R' is bounded and continuous, with \\R'(x)\\2 < 1 1 R | |oo for 
all x G G. Also, let J%r = span-fit!' (x) : x G G} 6e a sub-Hilbert space of 
L 2 (G , Jff , /i) . T/ien i/iere exists a unique representation (7Tr, J^r) snc/i i/iai 

-K R {g)R'{x) = R\gx) (g, x G G). 

Moreover, 

IMs)||<ef- d °^ ( 9 eG) 
and t/ie representation is strongly continuous. 

Proof. From Lebesgue's dominated convergence theorem it easily follows that 
R' is continuous. To see that R' is bounded, note that 

\\R\x)\\l = [ h^WRiz^xW^z) < \\R\\l (x G G). 

If n G N, Xi, . . . , x n G G and ci, . . . , c n G C, then Lemma H . 21 implies that 

„ n „ n 

\ \\Y / c i R(z- 1 x i )\\ 2 h{gz)dii(z)<c(g) \\Y / c l R(z~ 1 x l )\\ 2 h(z)d^z) 
Jg fr[ Jg £i 

for g G G, where 



c(3) = e c * e) (geG). 
It follows that 

n n 

from which we conclude that there exists a unique representation (ir R , Jff R ) 
of G such that 

7T R (g)R'(x) = R'(gx) (g,x<=G). 

Furthermore, 

h R (g)\\ < y/<g) (aeG). 

We proceed to show that the representation is strongly continuous. Since 



span{i?'(x) : x G G} is total in J^ R and ||7Tr(<7)|| < yc(g), where g H- yc(g) 
is a continuous function, it is enough to show that 

lim 7r R (g n )R'(x) = R'(x) 

n— >oo 

for x G G, when (# n )neN is a sequence converging to the identity e E G (since 
G is second countable we do not have to consider nets). But ir R (g n )R'(x) = 
R'(g n x) so this follows simply from continuity of R' . □ 
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Proof of Theorem Assume that ip is a continuous Hermitian Herz-Schur 
multiplier and use Proposition 10.11 to find a Hilbert space Jif and bounded, 
continuous maps P,Q : G — > such that 

V 9( 2 /- 1 x) = (P(x),Q( ? /)) (x,yeG) 

and 

1 

||-P||oo = IIQIloo = || <P || Mo A(G)- 

Define 

a±(x )2/ ) = ±(P(x) ± Q(x),P(y) ± Q(y)} G G). 

This gives rise to two positive definite, bounded kernels onGxG satisfying 

a+(x, V) ~ a-(x, y) = -(p(y~ x x) + -^(y^x) = (fiiy^x) (x, y G G) 
and 

a+(x,x) + a-(x,x) = ^\\P(x)\\ 2 + ^||Q(x)|| 2 < |M|m ^(G) {x e G). 
Let 

e -c-d(g,e) 

for some c> b, when d is a proper, left invariant metric on G satisfying (11. ip 
(cf. Lemma OD. Define (P ± Q)' : G -> L 2 (G, JT, //) by 



(P ± Q)'(aO(z) = ± Q)(z _1 z) (2 e GO 

for x G G. According to Lemma 11.31 there exist strongly continuous re- 
presentations (tt p ±q, J?p±q), where J#p±q = span{(P' ± Q')(x) : x G G} 
and 7Vp±Q(g)(P ± Q)'(x) = (P ± Q)'(gx) for g,x G G. Furthermore, these 
representations satisfy 

(1-2) ||vrp ± Q(^)||<ei d(9 ' e) (geG). 

Put 

A±(x,y) = ((P±QY(x),(P±QY(y))je P±Q (x, y G G). 
Then A± are positive definite, bounded kernels on G x G satisfying 

(1.3) A + (x,y)-A_(x,y) = <p{y- 1 x) (x,yeG) 
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and 

(1.4) A + (x,x)+A-(x,x)<\\<p\\ Mo A(G) (xeG). 

To make the notation less cumbersome, let tt± = itp±Q and J(f± = J#p±q and 
define £± = (P ± Q)'(e). Notice that 

(7r±(a;)£±,7r±(z/)£±)jr± = A±(x,y) (x,y G G), 

and that (II. 2p now reads 

lk±0/)|| <el- d(9 ' e) (geG). 

Put 

jr = J^©JT_, £ = £+©£_, 7/ = £+©-£_ and 7T = 7r + ©7r_. 
Observe that n is a strongly continuous representation such that 

(1.5) \Hg)\\<el- dM (geG) 
and 

(ir(x)£, TT{y)r])x = v(y~ l x) (x, y EG). 
Finally, observe that 

IK^f = h+( x )£+\\ 2 + h-( x )£,-\\ 2 = A + (X,X) + A_(x,x) < \\(p\\ Mo A(G) 

for x G G, and similarly 

Ikd/Ml 2 < y\\M A(G) 

for y e G. This finishes the proof. □ 

1.4 Corollary. If is a continuous Herz-Schur multiplier on a second count- 
able, locally compact group G, and d is a proper, left invariant metric on 
G satisfying fll.il) for some a,b > (which exists according to iHPOhJ). 
then there exists a strongly continuous representation (n, J^) and vectors 
£, 7] G ffl such that 

ip(y- 1 x) = (tt(x)£, ir(y)rj) (x, y G G), 

with 

l l 
sup \\ir(x)£\\ < V2\\<p\\m oA{G) and sup | \ir(y)r] 1| < V^IMIj^G). 

xGG y€G 

Moreover, for every fixed c > b, (n, Jif) can be chosen such that 

\Wg)\\ <ei- d ^ (geG). 
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Proof. This follows from Theorem 11.11 since 
where 

Re(y,) = ^±^ and lm(tp) = ^f- 
are continuous Hermitian Herz-Schur multipliers with 

II Rfi(¥>) || m A(G) < IMIm A(G) and ||Im(^)|| MoA(G) < |M|m A(G)- 

□ 

1.5 Theorem. Iff is a continuous Herz-Schur multiplier on a second count- 
able, locally compact group G, and d is a proper, left invariant metric on 
G satisfying fll.il) for some a, b > (which exists according to lHP06f ). 
then there exists a strongly continuous representation (n, J^) and vectors 
£, T] G 3^ such that 

V{y- X x) = (tt(x)£, vrOr 1 )*??) (x, yeG), 

with 

l l 
sup ||7r(x)C|| = |MIm a(G) and sup HsT 1 )*^ = |M| 2 MoA{Gy 

Moreover, for every fixed c > b, [it, Jf) can be chosen such that 

\Wg)\\ <el- dM (geG). 

Proof. Assume that ip is a continuous Herz-Schur multiplier and use Propo- 
sition 10.11 to find a Hilbert space Jif and bounded, continuous maps P, Q : 
G — > such that 

ip(y- 1 x) = (P(x),Q(y)) (x, yeG) 

and 

Halloo = IIQIIc 

Let 



i 

2 

M A(G) • 



e -c-d(g,e) 

for some c> b, when d is a proper, left invariant metric on G satisfying (II. ip 
(cf. Lemma O}. Define P\ Q' : G ->■ L 2 (G, J^, //) by 

P'(a;)(z) = ^)P( 2; - 1 x) and Q'(y)(z) = ^Jh{£)Q{z' l y) (z e G) 
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for x, y G G. According to Lemma 11.31 there exists a strongly contin- 
uous representation [Ti P ,J(f P ) 1 where J^p = span{P'(x) : x G G} and 
7Tp(g)P'(x) = P'(gx) for g,x G G. Furthermore, this representation satisfies 

hp{g)\\ <el- d ^ (geG). 

Observe that 

\\Q\v)\\l < Mm a( G) 

and 

(P'(x),Q'(y)) L2{G ^ ) = [ h(z)(P(z- 1 x),Q(z- 1 y))^(z) = ^y-'x) 

for x,y G G. Put £ = P'(e) and 77 = Pj^ p Q'(e), where Px P is the orthogonal 
projection on Jf P . Note that £,77 G J^p and 

y>(y -1 x) = (7r P (y~ 1 x)(,rj) jep = (7Tp(x)^7rp(y~ 1 )*r])jt P (x,y G G). 

It is clear that ||7Tp(^)Cl|jft, = II -f"^) 111 — II f 1 1 m a(g)- The corresponding 
result for ||7i\p(2/ _1 )*f/il3r P requires more work. For x G G arbitrary we find 
that 

{>K P {y- l )P\x),P,?, p Q\e)), Xp = {P\y- x x),P Xp Q\e)) Xp 

= (P'{y~ l x),Q>{e))jr 

= (P'{x), Q'{y))je 

= {P\x\P Xp Q\y)) Xp , 

from which we conclude that -k P {y~ 1 )* P Xp Q' {e) = P Xp Q'(y) and therefore 

WMv-yvWx. = \\P* P Q'(y)\\% < \\Q\y)\\l < IMUa (g) . 

□ 

1.6 Remark. For the free group on iV generators (2 < iV < 00) the constants 
a, b in f ll.il) may be chosen as a = nv-i)^jv-i) anc ^ ^ = m (2^ — 1). This 
implies that for r > y/2N — 1, the representations (it, Jif) from Theorem ll.il 
Corollary 11.41 and Theorem 11.51 may be chosen to satisfy ||7r((?)|| < r d( - 9 ' e > for 
all g G G. 
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